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Problem statement

Let us consider the following constrained optimization problem:

min
x∈Rn

f(x) subject to ⟨ai,x⟩ = bi, i = 1, . . . ,m, (1)

where f : Rn → R is a convex function, ai ∈ Rn, bi ∈ R, i = 1, . . . ,m.

How can we solve this problem with the r(α)-algorithm?
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r(α)-algorithm: the main idea
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Figure: Space dilation in the direction of the vector g1(x)− g2(x) allows for the subgradients in the
transformed space to form an acute angle.
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Definition of the r(α)-algorithm

Let x0 ∈ Rn, h0 > 0, B0 := I ∈ Rn×n, and α > 1 be given. Then, the r(α)-algorithm is an
iterative procedure that constructs sequences (xk)k∈N ⊂ Rn, (hk)k∈N ⊂ (0,∞),
(ξk)k∈N ⊂ Rn, (ηk)k∈N ⊂ Rn, and (Bk)k∈N ⊂ Rn×n according to the following scheme:

xk+1 := xk − hkBkξk, Bk+1 := BkRβ(ηk), k = 0, 1, 2, . . . , (2)

where

ξk :=
B⊤

k gf (xk)∥∥B⊤
k gf (xk)

∥∥ , hk ≥ h∗
k := argminh≥0 f(xk − hBkξk), (3)

ηk :=
B⊤

k rk∥∥B⊤
k rk

∥∥ , rk := gf (xk+1)− gf (xk), (4)

Rβ(ηk) := I + (β − 1)ηkη
⊤
k , β :=

1

α
, (5)

provided that no division by zero occurs.
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Common approach: penalty functions

The most common approach to transforming constrained problems into unconstrained ones is
to use penalty functions. For example, one can use the following penalty functions:

1 Quadratic penalty:

f2(x) = f(x) +

m∑
i=1

Qi(⟨ai,x⟩ − bi)
2, (6)

where Qi > 0, i = 1, . . . ,m are the penalty parameters.

2 Absolute value penalty:

f1(x) = f(x) +

m∑
i=1

Pi|⟨ai,x⟩ − bi|, (7)

where Pi > 0, i = 1, . . . ,m are the penalty parameters.
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Common approach: penalty functions

Drawback: Having to choose the penalty parameters Pi and Qi can be challenging.

For example:

1 Quadratic penalty: the resulting problem is not equivalent to the original one for any
finite values of the penalty parameters Qi. In practice, one can use large values of Qi to
achieve a good approximation of the original problem.

2 Absolute value penalty: there exist finite values of the penalty parameters Pi that
guarantee the equivalence of the original problem and the penalized one, but they are
unknown in advance (can be determined from the optimal Lagrange multipliers).
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Projections method

Instead, we can use the r(α)-algorithm with projections to solve the constrained problem.

1 Choose some initial point x0 ∈ Rn and set B0 = I ∈ Rn×n.

2 Execute the projections method for i = 1, . . . ,m to find a point xm that satisfies the
constraints ⟨ai,xm⟩ = bi, i = 1, . . . ,m and the corresponding matrix Bm.

3 Use the r(α)-algorithm to minimize the function f without constraints, using the point
xm and the matrix Bm as the starting parameters.
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Projections method

1 At the iteration i = 1, . . . ,m compute the direction of the space dilation ξi by the
formula:

ξi =
BT

i−1ai

∥BT
i−1ai∥

. (8)

2 Update the vector x and the matrix B using the formulas:

xi = xi−1 +
bi − ⟨ai,xi−1⟩∥∥BT

i−1ai

∥∥ ξi, (9)

Bi = Bi−1

(
I − ξiξ

T
i

)
. (10)

3 If i < m, then increment i and go to step 1, otherwise stop the algorithm.
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Applications: Basis Pursuit

Basis pursuit is a well-known optimization problem used to find the sparsest solution to an
underdetermined system of linear equations. It is formulated as follows:

min
x∈Rn

∥x∥1 subject to Ax = b,

where A ∈ Rm×n, b ∈ Rm, n > m.

aij ∼ N (0, 1), i = 1, . . . ,m, j = 1, . . . , n.
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Applications: Basis Pursuit

Table: Comparison of penalized and projections methods for n = 1000.

absolute value penalty projections method

σ m test ∥x̂− x∗∥2 t, s itn ∥x̂− x∗∥2 t, s itn

0.01 280 1 1.04e-06 33.6 10673 1.02e-06 16.9 7279
2 1.11e-06 33.4 10657 1.10e-06 16.9 7275
3 1.07e-06 33.4 10661 9.93e-07 17.1 7289

0.05 420 1 1.37e-06 35.0 10980 1.42e-06 13.9 5860
2 1.25e-06 34.7 10942 1.20e-06 13.9 5862
3 1.19e-06 35.3 10982 1.17e-06 13.9 5865

0.1 550 1 1.12e-06 37.9 11163 1.04e-06 11.3 4569
2 1.19e-06 37.7 11161 1.19e-06 11.2 4546
3 1.30e-06 37.1 11173 1.12e-06 11.2 4544
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Applications: MAXQUAD problem

The MAXQUAD problem is a well-known minimax test problem in the field of optimization,
that was proposed by C. Lemaréchal. Consider the following optimization problem for
x ∈ R10:

min
x∈R10

f(x) = min
x∈R10

max
j=1,...,5

fj(x), (11)

where fj(x) = ⟨x,Q(j)x⟩ − ⟨x, c(j)⟩ and matrices Q(j) ∈ R10×10 and vectors c(j) ∈ R10 are
defined as follows:

c
(j)
i = ei/j sin ij,

Q
(j)
ik =


ei/k cos ik sin j for k = i+ 1, . . . , 10,

Q
(j)
ki for k = 1, . . . , i− 1,

| sin j|i/10 +
∑

l ̸=i |Q
(j)
il | for k = i.
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Applications: MAXQUAD problem

For the experiments we generated a random matrix A with 9 rows and full row rank and set
b = Ax∗, where x∗ is the numerical solution of the original unconstrained problem as seen
in [Rzhevskyi, 1993]:

A =



3 6 −9 −6 −6 −2 0 −5 −3 3
−8 −3 −2 5 8 −4 4 −1 0 7
−4 6 6 −9 −6 8 5 −2 −9 −8
−3 −1 8 6 −5 0 1 −8 −8 −2
0 −9 1 −6 2 −7 −9 −9 −5 −4
0 −6 −3 2 5 −9 5 −6 3 1
2 −5 −3 −5 6 −6 3 −5 −1 5
6 −6 6 4 7 8 −4 0 −6 −9

−4 −9 8 −5 −7 7 −6 −7 1 4


, x∗ =



−0.1262570
−0.0343781
−0.0068572
0.0263607
0.0672950

−0.2783990
0.0742187
0.1385240
0.0840313
0.0385803


.
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Figure: Plots of the function f and the record sequence of the r(α)-algorithm in the plane of the first
two components of the solution for the MAXQUAD problem with m = 4; the red dot indicates the
solution x∗.
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Applications: MAXQUAD problem

Table: Performance of the r(α)-algorithm with projections for different numbers of constraints m and
values of α.

α = 2 α = 4

m f(x̂) itn nfg f(x̂) itn nfg

1 -0.8414083 252 279 -0.8414083 160 288
2 -0.8414083 235 269 -0.8414083 128 203
3 -0.8414083 198 245 -0.8414083 125 221
4 -0.8414083 187 222 -0.8414083 114 196
5 -0.8414083 160 196 -0.8414083 87 154
6 -0.8414083 126 161 -0.8414083 71 153
7 -0.8414083 91 113 -0.8414083 54 115
8 -0.8414069 60 79 -0.8414069 31 71
9 -0.8414056 31 45 -0.8414056 16 41
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Conclusion

• We discussed a modification of the r(α)-algorithm for solving convex optimization
problems with linear equality constraints and tested it on the basis pursuit and
MAXQUAD problems.

• Overall, the proposed modification of the r(α)-algorithm provides an effective approach
for solving convex optimization problems with linear equality constraints, and it can be
applied to a wide range of problems in various fields.

• In future work, we plan to explore the application of the r(α)-algorithm to other classes
of constrained convex optimization problems and provide a more detailed theoretical
analysis of the proposed projection method.
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Thank you for your attention!
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