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What is compressed sensing?

A € Mypxn(R) — measurement matrix,
x € R™ — unknown sparse vector,

b € R™ — measurement vector.

m<n
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[{ minimization

minimize |||, subject to Ax =b. (P1)

Is P1 equivalent to the original problem?
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Recovery guarantees for [ minimization

Various conditions exist that guarantee the equivalence of the I; minimization problem and
the original sparse recovery problem, but in this work we use the following probabilistic result
for Gaussian measurement matrices!:

Theorem

Let x* € R™ be a fixed vector and p € (0,1). Suppose A € My, xn(R) is a matrix with
independent N (0, 1)-distributed entries and b = Ax*. Then

m < 6(D(|| - |1, 2*)) — ayp/n = P{x* is the unique solution of (P1)} <n
m > 6(D(|| - |1, ")) + aypv/n = P{x* is the unique solution of (P;)} >1—n,

where a, = /8log(4/n).

! Amelunxen et al., “Living on the Edge” (Sept. 2014).
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Linear programming approach for [; minimization

Problem (P;) can be reformulated as the following linear programming (LP) problem:

minimize Zyi (LP1)
i=1

subject to Ax =b, (LP2)

—Yi ST < Yis (LP3)

yi >0,i=1,...,n. (LP4)
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LP solvers for basis pursuit

We tested the following optimization solvers on the problem (LP1)—(LP4):
e CPLEX, a commercial solver developed by IBM;
e HiGHS, an open-source solver;

® Gurobi, a commercial solver developed by Gurobi Optimization, LLC;

Clarabel, a newer open-source solver.

All experiments were run in Python, with the first three solvers accessed through the AMPL
API, and Clarabel accessed through the cvxpy library.
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Table: LP solvers comparison for n. = 5000.

CPLEX HiGHS Gurobi Clarabel
o m tet| s Ja-aa| bs |E-ah| ts &—as| bs [[&—xs
0.01 790 0 316 1.73e-12 48 1.02e-08 | 224 1.22e-12 | 11.5 8.16e-08
1 29.6  4.85e-12 44 4 5.61e-12 5.7 5.8e-12 11.6  9.65e-08
2 | 31 394e12 | 469 52710 |576 69e12 | 128  2.95e-07
3 312 59e12 | 441 39807 | 58 4.06e12 | 125 1.13e-08

4 290.3  4.22e-12 46.9 8.48e-08 | 5.81 6.53e-12 | 11.3 9e-08
0.05 1510 0 84.7 1.1le-11 | 2183 1.22¢-10 | 81.1 6.69e-12 | 38.8  5.49e-08
1 84.9 1.17e-11 169 2.73e-09 | 80.5 2.24e-12 | 39.8 5.76e-08
2 84.8 1.17e-11 192 2.8%9¢-10 | 295 1.16e-11 | 37.8 1.53e-07
3 | 84 110e11 | 170 87309 |80.6 3.16e12 | 386 1.33e-06
4 84.7 1.04e-11 163 5.73e-08 | 80.5 3.49e-11 | 41.1 6.12e-08
01 2140 0 | 158 16ell | 580 15809 | 143 13e1l | 898 853e07
1 | 159 15311 | 396 9.44e1l | 151 82312 |90.3 1.08e-07
2 164 1.43e-11 383 6.54e-09 | 50.5 1.84e-11 | 89.8  3.64e-07
3 160 1.62e-11 590 7.66e-08 139 8.75e-12 | 89.8  1.37e-07
4 159 1.54e-11 384 3.19e-10 140 1.45e-11 | 89.6 4.75e-06
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«)-algorithm for basis pursuit

In this work, we also apply the r(«)-algorithm, which is an optimization method for
unconstrained convex problems developed by N.Z. Shor?, to solve the basis pursuit
problem (P;). We can do so by considering the following penalized objective functions:

fi(@) = lail + Y P Y aga — b, (1)
i=1 =1 |j=1

2

fol@) = |zil + > Qi | Y aijaj —bi | - (2)
i=1 i=1 j=1

2Shor, Nondifferentiable Optimization and Polynomial Problems (1998).
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Choosing the penalty parameters

It can be shown that for the linear penalty function fi, there exist finite values of the penalty
parameters P; that guarantee the equivalence of the original problem and the penalized one:

Proposition

Let X7, i=1,...,m, be the optimal Lagrange multipliers for the constraints in the basis
pursuit problem. If the penalty parameters P; in (1) satisfy P; > || for alli=1,...,m,
then X* C X{. Moreover, if P; > |X| for all i =1,...,m, then X* = X7.

At the same time, for the quadratic penalty function fs, the resulting problem is not
equivalent to the original one for any finite values of the penalty parameters Q;.
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Figure: Convergence of the r(«)-algorithm with quadratic penalty for different values of the penalty
parameter (). The plot on the left shows the deviation of the objective value from the optimal value
per iteration, and the plot on the right shows the record values of the objective function.
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Table: Quadratic penalty results for n = 1000.

Clarabel ralgb5a
s om test | [f—f |e—aa ts | |[f-f |- ts
0.01 280 0 |9.78e-07 6.55e-07 0.424 | 5.62e-05 3.03e-06 8.37
1 5.97e-07 6.28e-07 0.363 | 4.15e-05 2.67e-06  8.51
2 | 9.63e-07 6.33e-07 0.418 | 3.91e-05 2.71e-06 8.65
3 | 6.47e-07 5.25e-07 0.368 | 3.98e-05 2.11e-06  8.02
4 4.8e-07 6.27e-07  0.364 | 3.32e-05 2.1e-06 8.38
0.05 420 0 | 4.29e-06 1.36e-06 0.804 | 7.87e-05 6.08¢-06 13.1
1 2.82e-06 1.12e-06 0.695 | 0.000121 6.11e-06 12.4
2 | 2.82e-06 1.22e-06 0.696 | 0.000103 6.78e-06 12.2
3 | 2.74e-06 1e-06 0.68 | 6.83e-05 4.38e-06 12.1
4 |292e-06 1.06e-06 0.682 | 8.17e-05 5.25e-06 12.5
0.1 550 0 |4.45e-06 1.45e-06 1.09 | 0.000103 6.88e-06 16.8
1 | 6.46e-06 1.63e-06 1.24 | 9.3e-05 8.02e-06 17.5
2 | 462e-06 1.66e-06 1.08 | 0.000104 6.84e-06 16.8
3 | 5.29-06 1.46e-06 1.08 | 0.000112 7.11e-06 16.6
4 |399-06 1.65e-06 1.09 | 8.65e-05 6.89e-06 16.5

A. Storozhenko, P. Stetsyuk LP Solvers and r-Algorithm for Sparse Signal Reconstruction ITTA 2026 11 /14



Conclusion

® We compared several LP solvers for the reformulated basis pursuit problem and found
that with default parameters, Gurobi and CPLEX provide the best balance of accuracy
and speed, while Clarabel is the fastest but with lower accuracy.

® We applied the r(«)-algorithm to solve the basis pursuit problem with different penalty
functions and discovered that in practice it is best to use the quadratic penalty function
with sufficiently large penalty parameters, which results in the best convergence speed
for this algorithm.

® In future work, we plan to further investigate the potential of the r(«)-algorithm for
solving the basis pursuit problem through algorithmic modifications and parameter
tuning.
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Definition
Let g € R, hg > 0, By :=1 € R™ ", and « > 1 be given. Then, the r(«)-algorithm is an
iterative procedure that constructs sequences (zx)ren C R”, (hy)ken C (0, 00),

(€k)keny C R™, (Mg)ken € R™, and (Bg)gen C R™*™ according to the following scheme:

Tp+1 = xp — hBr&y, Bi1 = BpRg(ny), k=0,1,2,..., (3)
where

B/ g¢(x . .

& = ’frgf( k) ,  hg > hy = argming s f(zr — hBiré), (4)
1B}l g¢ ()
B;rk
= DRTh - : 5
Nk ”Bl;rrk } Tk gf(wk—i-l) gf(wk) (5)
1

provided that no division by zero occurs.
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